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1. Operator Chaos. positive opretor $A$
$\log A$ operator chaos
von Neumann entropy [20]















positive opretor $A,$ $B$
$A \#\alpha B=A^{\frac{1}{2}}(A^{-\frac{1}{2}}BA^{-\frac{1}{2}})^{\alpha_{A}}\frac{1}{2}$ , for $\alpha\in[0,1]$
positive invertible operators $A,$ $B$
$\circ$
– (relative operator entropy) $S(A|B)$
$[3]_{0}$
$\lim_{\alphaarrow 0}\frac{A\#\alpha B-A}{\alpha}=A^{\frac{1}{2}}(\log A^{-\frac{1}{2}B}A-\frac{1}{2})A^{\frac{1}{2}}=S(A|B)$
1189 2001 144-152 144
Uhlmann [24]
$A$ $B$ [25]
– $B=I$ $S(A|I)=-A\log A$
$-$ $S(I|A)=\log A$ $A$
operator chaos
operator chaos $\log A\geq\log B$
chaotic order $A\gg B$ $([4],[5])$





Theorem $\mathrm{A}$ (Chaotic Furuta inequality). Let $A$ and $B$ be positive
invertible operators. Then the followings are equivalent.
(i) . $A\gg B$
(ii) $A^{-r} \#\frac{r}{p+r}B^{p}‘\leq\sim I$ for $0\leq r$ and $0\leq p$
-#




Theorem 1. Let $A$ and $B$ be positive invertible operators, then the
followings are equivalent.
(1) $A\gg B$ (i.e. $\log A\geq\log B$ )
(2) $A^{-r}\#_{\frac{\delta+r}{P+r}}B^{p}\leq B^{\delta}$ for $r\geq 0$ and $0\leq\delta\leq p$
(3) $B^{-r}\#_{\frac{\delta}{\rho}}\pm\Gamma+\Gamma A4^{p}\geq \mathrm{z}4^{\delta}$ for $r\geq 0$ and $0\leq\delta\leq p$
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(4) $A^{-r}\#_{P}32_{\frac{+r}{+r}}B^{p}\leq A^{\gamma}$ for $-r\leq\gamma\leq 0$ and $0\leq p$
(5) $B^{-\Gamma}\#_{\frac{\gamma+r}{P+r}}A^{p}\geq B^{\gamma}$ for $-r\leq\gamma\leq 0$ and $0\leq p$ .
Proof. Since $A^{-r} \#\frac{r}{p-u}B^{p}\leq 1$ by Theorem $\mathrm{A},$ (1) implies (4) is given
as follows:
$A^{-r} \#_{p+}\mathrm{L}_{\frac{r}{r}}^{+}B^{p}=A^{-r}\# f_{\frac{+r}{r}}(A^{-r}\#\frac{r}{p+r}B^{p})\leq A^{-r}\#\mathrm{L}\underline{+r}r1=A^{\gamma}$ .
The equivalence of these inequalities are easily seen as follows:
(2) is equivalent to $B^{-p}\#--\delta+RA^{r}\geq B^{-\delta}$ since $B^{\delta}\geq A^{-\gamma}\#_{\frac{\delta}{p}}\pm r+rB^{P}=$
$B^{p}\#_{1-\frac{\delta}{p}}\pm_{r}+TA^{-r}=B^{p}\#-\delta+\overline{r}+\mathrm{p}Rr+pA^{-r}$. By exchanging $-\delta$ and $\gamma,$ $p$ and $r$ , we
have (5). Replacing $A$ and $B$ by $B^{-1}$ and $A^{-1}$ respectively, we see the
equivalence of (2) and (3) or (4) and (5).
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3. . Furuta 1987 $[8](\mathrm{c}\mathrm{f}.[9])$
Furuta Inequality:
If $A\geq B\geq 0$ ,




holds for $p$ and $q$ such that $p\geq 0$




Furuta $q$ $p\geq 1,$ $r\geq 0$
$A\geq B\geq 0$
$(A^{\frac{r}{2}}B^{p}A \frac{r}{2})^{\frac{1+r}{P+r}}\leq A^{1+r}$ , and $B^{1+r} \leq(B^{\frac{r}{2}}A^{p}B\frac{r}{2})^{\frac{1+r}{P+r}}$
Furuta $([2],[6],[7],[13]$
etc.): If $A\geq B\geq 0$ , then
(I) $A^{-r} \#\frac{1+r}{p+r}B^{p}\leq A$ $and$ $B\leq B^{-r}\# 1\pm\overline{P}+r\tau A^{p}$




Satellite theorem of the Furuta inequality: If $A\geq B\geq 0$ , then
$A^{u} \#\frac{1-u}{p-u}B^{p}\leq B\leq A\leq B^{u}\#_{\frac{1-u}{p-u}}A^{p}$
for all $p\geq 1$ and $u\leq 0$ .
Furuta Chaotic Furuta
[22] Furuta Chaotic Furuta
[11]
(5) $\lim_{narrow\infty}(1+\frac{\log X}{n})^{n}=x$ .
$A\gg B$
$A_{n}=1+ \frac{\log A}{n}\geq B_{n}=1+\frac{\log B}{n}$
$A_{n}\geq B$ $\geq 0$ Furuta
$(A^{\frac{nr}{n^{2}}}B_{n}^{np}A^{\frac{nr}{n^{2}}})^{\frac{\frac{1}{n}+r}{p+r}}.\leq A_{n}^{1+nr}$ .
$narrow\infty$ (4)
4. Chaotic order and Furuuta inequality. : [21]
Chaotic FUruta
Furuta Theorem
1 $\delta=1$ Satellite Theorem
chaotic order $\gg$ usual order $\geq$
Theorem 2 If $A\gg B$ for $A,$ $B>0$ , then
(II) $A^{-r} \#\frac{1}{p}+\pm rrB^{p}\leq B$ $and$ $A\leq B^{-r}\# 1\pm r\overline{p}+rA^{p}$




. . . $\cdot.\cdot$ t-.. .. .$\cdot$.. $\cdot$
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Theorem 3. The followings are equivalent.
(i) If $A\geq B>0$ , then (I) holds for $p\geq 1$ and $r\geq 0$ .
(ii) If $A\gg B$ for $A,$ $B>0$ , then (II) holds for $p\geq 1$ and $r\geq 0$ .
Proof. (ii) $\Rightarrow(\mathrm{i})$ [22]
(ii) $\Rightarrow(\mathrm{i})$ :
Suppose that the chaotic Furuta inequality (ii) and $A\geq B>0$ . Since
$A>>B$ is satisfied, we have (II) and so
$A^{-r}\#_{\frac{1}{p}}\pm r+rB^{p}$ $=$ $B^{p}\#_{1-\frac{1}{p}}.\pm r+rA^{-r}=B^{\acute{p}}\#_{p+}L_{\frac{1}{r}}^{-}A^{\cdot}4^{-r}’..$
.
$=$ $B^{p} \#_{L^{-\underline{1}},p}(B^{p}\#_{\overline{P}+r}\mathrm{A}_{-}A^{-r})\leq B^{p}\mathfrak{g}_{\epsilon_{\frac{-1}{p}}}I=I\#\frac{1}{p}B^{p}=B$. $\cdot$
Moreover, since $A\geq B$ is assumed, we have the Furuta inequality (I).
5. Application. [23] Furuta
Uchiyama’s result. Let $A,$ $B$ and $C$ be positive invertible operators.
If $A\leq B!_{\lambda}C$ , then for $t\geq s\geq 0$ and $r\geq 0$
$A^{\frac{r}{2}}(B^{s_{\nabla\lambda}}Cs)A^{\frac{r}{2}} \leq\{A^{\frac{r}{2}}(B^{t}’\nabla\lambda c^{t})A^{\sim}2\}r\frac{s+r}{t+r}$ .







Theorem 4 Let $A,$ $B,$ $C>0$ . If $A\ll B!_{\lambda}C$ , then
$A^{t}\ll B^{t}\nabla\lambda C^{t}$ (or $A\ll(B^{t}\nabla\lambda C^{t})^{\frac{1}{t})}$
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for all $t>0$ .
Proof. Since $x^{\alpha}$ is operator concave for $\alpha\in[0,1]$ , we have
$(*)\lambda S^{\alpha}+(1-\lambda)T^{\alpha}\leq(\lambda S+(1-\lambda)\tau)^{\alpha}$ for $\alpha\in[0,1]$ and $S,$ $T\geq 0$ .
By using this fact, we can show the result as follows:
(i) In the case $t\geq 1;B!_{\lambda}C\leq B_{\nabla\lambda}C\leq(B^{t}\nabla\lambda C^{t})^{\frac{1}{t}}$ by $(^{*})$ .
(ii) In the case $1\geq t>0$ ;
$(B!_{\lambda}C)^{t}=(B^{-1}\nabla\lambda C^{-1})-t\leq(B^{-\iota_{\nabla\lambda}\iota}c^{-})-1=B^{t}!{}_{\lambda}C^{t}\leq B^{t}\nabla\lambda C^{t}$
because the first inequality follows by $(^{*})$ and the last inequality holds
always. This implies $A^{t}\ll B^{t}\nabla\lambda C^{t}$ , so that we have the result by (i)
and (ii);
$A^{t}\ll(B^{\iota_{\nabla\lambda}}Ct)$ (or $A^{t}\ll B^{\iota_{\nabla\lambda}}C^{t}$) for all $t>0$ .
Theorem 1
Theorem 5 Let $A,$ $B,$ $C>0$ .
(I) If $A^{t}\ll B^{\iota_{\nabla\lambda}}C^{t}$ for all $t>0$ , then
$(B^{s_{\nabla\lambda}}C^{S})\leq A^{-r}\#_{\frac{s+r}{t+r}}(B^{\iota_{\nabla\lambda}}C^{t})$ .
(II) If $A^{t}\gg B^{t}!_{\lambda}C^{t}$ for all $t>0$ , then
$B^{s}!_{\lambda}c^{s}\geq A^{-r}\#_{\frac{s+r}{t+r}}(B^{t}!_{\lambda}C^{t})$.
Proof. (I) We have only use Theorem 1(3) and $(*)$ for $A\ll(B^{t}\nabla\lambda C^{t})^{\frac{1}{t}}$ .
(II) Replacing $A$ by $A^{-1},$ $B$ by $B^{-1}$ and $C$ by $C^{-1}$ in (I),
$A^{-i}\ll B^{-t}\nabla\lambda C-t$ is equivalent to $A^{t}\gg(B^{-\iota_{\nabla}}\lambda C^{-t})^{-1}=B^{t}!_{\lambda}C^{t}$ .
$\#_{\alpha}$




Theorem 6. Let A,. $B,$ $C>0$ and $r,$ $s,$ $t\geq 0$ such that $t\geq s$ and
$(r, t)\neq(\mathrm{O}, 0)$ . Then the following (I) and (II) hold and each follows from
each other.
(I) If $A^{t}\ll B^{t}\nabla\lambda C^{t}$ for all $t>0$ , then
$f(t)= \{A^{\frac{r}{2}}(B^{t}\nabla\lambda ct)A^{\frac{r}{2}}\}\frac{s}{t}+\pm_{r}r$
is increasing of $t$ .
(II) If $A^{t}\gg B^{t}!_{\lambda}C^{t}$ for all $t>0$ , then
$h(t)=\{A^{\frac{r}{2}}(B^{t}!_{\lambda}C^{t})A^{\frac{r}{2}}\}^{\frac{s+r}{t+r}}$
is decreasing of $t$ .
$A\ll(B^{t}\nabla\lambda C^{t})^{\frac{1}{t}}$ Theorem $\mathrm{C}[7]$
Theorem C. Let $A,$ $B,$ $>0$ . Then the followings are equivalent.
(i) $A\ll B$ (i.e. $\log A\leq\log B$)
(ii) $g(t)=(A^{\frac{r}{2}}B^{t}A^{\frac{r}{2})+T} \frac{s}{t}\pm t$ is increasing of $t(\geq s)for$ fixed $s,$ $r\geq 0$ .
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